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Tables of angular momentum wave functions and energy matrices for the atomic configu-
rations s» p» are given in the cases of strong, weak and intermediate coupling. Also the trans-
formation matrices between LS- and jj-coupling are calculated.

All these calculations are carried out as an application of the projection operator method
for angular momenta, introduced by Léwbix.

On a calculé des fonctions propres du moment cinétique ainsi que les matrices correspon-
dantes de Iénergie, pour les configurations atomiques s» pr. Les trois types de couplage, LS,
77 et intermédiaire ont été étudiés, ainsi que les matrices de transformation entre ces couplages.
Pour tous ces caleuls on a utilisé la méthode des projecteurs pour le moment cinétique, intro-
duite par LOWDIN.

Eigenfunktionen des Drehimpulses und entsprechende Energiematrizen fiir die Atom-
konfigurationen s pm sind fiir die drei Kopplungsfille, LS, jj und intermedidr tabelliert.
Matrizen fiir Transformationen zwischen LS- und jj-Kopplung werden angegeben. Alle diese
Rechnungen sind auf die von Lowbpin eingefiihrte Projektionsoperatormethode gegriindet.

Introduction

The projection operators for angular momentum, introduced by Lowpmx [4]
have up to now been applied in two cases: to the spin degeneracy problem [6] and
for the construction of atomic state wave functions [3, 7, §].

The present paper is an application of the methods developed by FrescHI-
Lowpix [3, 7] to configurations containing s- and/or p-electrons. We give tables
of wave functions for the zero-order functions in the LS-scheme, the “coupled”
functions in the SLJM- and jjJ M-schemes, the electrostatic interaction matrices
and the spin-orbit interaction matrices in the two schemes, the transformation
matrix between SLJM and j5JM, and finally the energies in the intermediate
coupling case.

The energy matrices and the transformation matrix are calculated in CoNDON-
SuORTLEY [2] for some of the configurations s# p#, and the zero order functions for
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the LS-scheme are given by CompantoN and ELLisox [1]. As far as we know, how-
ever, the other wave functions are not published anywhere. Since the signs of the
matrix elements depend on the choice of phase of the wave function, we have
made all the tables complete, so as to make them self-contained.

By this detailed application of projection operator techniques we wish to
show the simplicity and directness they offer. We choose a simple anti-symmetric
function, and keeping the antisymmetry, we select the components wanted. The
procedure of applying projection operators in orbital angular momentum space,
in spin space, andfor in total angular momentum space is quite elementary: it
requires only the simple rules for the step operators and for the behaviour of
determinants. The Clebsch-Gordan and fractional parentage coefficients enter
only implicitly, so these two concepts are not even needed. The idempotency
property of the projection operators together with the property of the special
projection operators considered here of commutability with the Hamiltonian
simplifies the calculation of matrix elements to a large extent.

Another point we want to stress, is that the projection operator method makes
the whole procedure unified. One uses projection operators in orbital angular
momentum space and/or in spin space to get the correct zero-order functions for
LS-coupling (SLM;, Ms). Then one goes over to the SLJM-scheme by means of a
projection operator in total angular momentum space. To get the connection be-
tween the one-electron functions (nlmms) and (nljm) one uses a projection operator
in the total angular momentum space for one electron, and finally to go over from
the one-electron functions (rljm) to the j4JM-scheme, one utilizes a projection
operator in total angular momentum space. — In some cases the terms are dege-
nerate (e.g. (3 35 3; 3, 3) for sp?), and it is advantageous to have the corresponding
functions orthogonal. Since the functions are here expressed as projected fanc-
tions, the orthogonalization procedure is most simply carried out by LOwDIN's
method [8]. — Then the fact that the functions are expressed as projected funec-
tions is used in every calculation of matrix elements.

We believe that these two principal advantages, simplification and unification,
which the present method offers, might be valuable not only for teaching purposes
but also for developing the theory for wave functions having higher accuracy.

Some Comments to the Tables

For both theory and notations, we refer to FrescHI-LOWDIN [3, 7], (see also the
glossary at the end of the paper) but we make here some comments concerning
details in the calculation.

For each configuration we give the table of possible functions, (my(1) m;(2)

.| ... my(N)), which is then resolved so as to give the possible terms. Then we
1list the zero-order functions 28 +1L (Mg, Mg). All functions (both zero-order and
“coupled” functions) are normalized, and we also give the numerical factor by
which they differ from the projected functions. After that there is a table of the
functions in the SLJM-scheme: 28 +1F 73, the electrostatic interaction matrix H'
and the spin-orbit matrix Vin the SLJ M -scheme. For jj-coupling we give a table,
with the possible functions (m, m, ... | ... my), giving the possible terms, the
functions (; 45 . . . ja; J M) in the jjJ M -scheme, the connection between functions
(mymy... | ...my) and (m; (1)my (2)... ] ...m; (N)) for that particular confi-



Atomic Wave Functions for the Configurations s* p™ 71

guration, the transformation matrix U between the SLJ M- and the jjJ M-scheme
and finally the two matrices H' and V in the §jJM-scheme. For intermediate
coupling we give the energies explicitly in the case of second-order secular equa-
tions, but we only give the secular equation itself for higher orders.

In all the projections we need the coefficients 3, = V(IF mi) (£ m;+1) and
we have therefore condensed the tables pp 17 and 37 of Frescrr-Lownix [3, 7] to
Tab. 1.

When making the 1’ I7, operations, the simplest way is probably to make

Ly, I3, L%, ..., L- Ly, L_ L%, I? I2 ,... successively. It is however a little
Table 1. & =/ T Tm) (£ m+1)
I
3 1 3 2 3 3 z
m\ st | e | st s | st | P2l B vt BPV2 o BV andll PV2 s Bl VL
Z ; 0 | y7
3 0 | v6
3 0 | V& VT | 2v3
2 0| 2 V6 | yi0
3 0| v VF |2ya 2y3 | V15
1 0 | vz 2 | 6 Y10 | y12
o |1 vl 2 23 3 V15| 4
0 G Ve | 6 yiz | ViZ |
31t o 2 | v3 3 |23 4 ‘ Vi
-1 vz oo ye | 2 V12 | 10 |
-3 ¥ 0 27| V5 Vi5 |2v3
-2 | 2 0 y10 | V&
:
3 | B0 273 | VT
-3 { V& | o
-3 ‘ VT | o

tedious to write up all these operations, and therefore we would propose the
following algorithm, the idea of which has been given by Poro [9].

We write up the functions in rows corresponding to the My-values. The opera-
tion L. can then be illustrated by an arrow to the next higher row and similarly
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for L_. On the arrow we write the value of the corresponding xi,,. When all
possible functions are written up, we have only to follow all possible paths, remem-
bering the corresponding coefficients in each step. The algorithm is perhaps best
illustrated by an example. We want the eigenfunction corresponding to 1§ of p2.
Any one of (0 ]0), (1| 1) or (1 | 1) is possible as starting function for a projection.
We choose (0 | 0).

//7/7/\
pa V2
(1/0) //0/7)\

v v e
o~ ~, ~
(1/7) (9/0) (7/1)
Polo - diagram

The projection operator 0y, is, when Lygx = 2:
L_L 1212
L = * =
@00 9 12 . (1)

From (0 | 0) Ly takes us to (1 | 0) or (0 | 1). L will bring us back to (0 | 0) or take
us to (1 | 1) or (1 | 1). Remembering the coefficients on the arrows we thus get

LoLi(0]0)=4(0[0)+2(L]|1)+2(1|1) . 2)
In the same way we get
L2I2(0[0)=16(0]0)-+-8 (L] 1) +8(1|1) . (3)

Here we must notice that it is possible to reach (1 | 1) in two ways in the upward
direction and also to reach (0 | 0) in two ways on the way down. — Taking account
of the numerical factors in £¢,,, we then get

L0 (0]0) = 5 {(0]0) — (1]T) — (| 1)} . 0

Only in relatively few cases is it necessary to make any projection in spin space,
since most of our starting functions represent already pure spin states. Even when
this is not the case, the corresponding projection is much easier to handle than
the orbital projection, since the coefficients xf, are in this case very simple.
(1 and 0 as may be seen from Tab. 1.)

In this connection one must remember that a determinant changes sign, if
two of its columns are interchanged.

E.g.
1]01) =8 (1a, 08, 18) = (Lo, 0cx, 18) + (1, 0B, 1)
=1la0x 1) — (1 1x,0p8)=(10]1) — (11]0) . (5)
We give functions only for the principal case (M, = L, Mg = § and later M = J),

since the other cases are easily obtained by the step-down operators L—, S_. or J—.
This makes also the checking very easy, depending on the relation

o o 0ss =0 ©)
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We list results fors? pm n=0;m=2,3,4;n=1; m=1, 2, 3, 4, 5. For ¢,
sp*, sp® we have used the “hole” theorem which says that the wave-functions of
s™ p™ can be correlated to those of s2-% p¥-m simply by the relation

(g (1) my (2) ... | .. my () [y (D) mg (2) ... | ... ;g (N)],  (7)

where the square bracket has the same meaning as in FrescEI-LOwDIN [3, 7].
Obviously, it is very simple to get the functions for the almost closed shells, if one
has those of the “complementary’ shell, but we have anyhow given them here,
since we thought that it might be useful to have them written down somewhere
explicitly. — Here it should be pointed out that one has to be very careful with the
phases by going over to the almost closed shells.

In going over from the SLM; Mg¢-scheme to the SLJM-scheme, one gets
first the 28+1[;-functions as linear combinations of 2S+1L (M, Mg)-func-
tions. Among them there are often cases with My + L or Mg + .8, so one has to
use L_ or S— to get the appropriate functions. By doing this, one has to be very
careful with the numerical factors. E. g. §_ working on a 3P as an entity gives a
factor /2, but S— = X' s_ (i) working upon the separate electron coordinates gives
a factor 1 for each:

1 1
3 - g s L
P (1,0) = V_Z_S_ P(1,1) V?S (10|
1 _ 1
= (e (0 + - @) (10] = = {1]0) ~ 0|1} . (8)
All the functions in the SLJ M -scheme have been checked by the relation
Jp S+ =0 . (9)

The same relation is used to check the functions in the j5J M -scheme, although
J 1 in this case works as X' 7. (¢).

The matrix elements of the spin-orbit interaction are easily calculated in the
jjJ M -scheme, but the electrostatic interaction still involves rather cumbersome
work, in spite of the simplifications introduced by the projection operator forma-
lism. The electrostatic interaction is already calculated, however, in the SLJM-
scheme, and since the SLJM-functions and the jjJM-functions are different
orthonormal bases for describing the same subspace, we can find the unitary
transformation, which connects them, from our knowledge of the functions, and
then transform the matrices of electrostatic interaction, and spin-orbit interaction.
This latter one could then be used for checking purposes since we know that it is
diagonal in the jjJM-scheme, with the elements given by Fiescui-Lowpin for-
mulas (73), (74).

The transformation coefficients are overlap integrals between two functions
which can both be expressed as JJ-projections. As usual we can then use the
turn-over rule, which of course reduces considerably the number of terms in the
integral.

The general integral is of the form

[ESHALSy - (s - - - dovs ) (d) = [ [const. Oy 2S+1L (M1, Ms)]* x

x [eonst, Ogg (mymy ... | ... my)] (dz) . (10)
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Here we use the turn-over rule in that direction which is most advantageous; i. e.
if 28+1L (M7, Ms) contains fewer terms than (m; my ... | ... my) we use it in
“the ordinary way’* and move the first Oy to the right, otherwise the second Osr
to the left.

JESHIL (M, Mg)* Oy (mymy ... | ... my) (dz)
= [[Ogg 2STIL (My, Ms)[* (mymy ... | ... my) (dz) . (11)

The function 28+1L (Mg, Mg) is a sum of determinants built up of (vl mg ms)-
functions, whereas Oy (mymgy ... | ... my) is a sum of (my my ... | ... my)-
determinants built up of (nljm)-functions. We must therefore transform the (nljm)-
functions to (nlmgms)-functions according to FiescHI-LOwDIN Chapt. 1V. We
need also the transformations between determinants of type (3,7 | and (1 |0).
These are given for each configuration after the §j/ M -functions. The integral
f25+1L('MLMS)*-0JJ(m1m2... I mN) (d%) 5 (12)

could then in principle be further simplified by remembering that 25 +1L (My, Ms)
is the result of an Oy, (and perhaps Ogs) projection on a single determinant.

3S+IL (My, Ms) = Orr, - Ogs * (mg (1), mg (2) ... | ... my (N)) . (13)
The turn-over rule could of course be used again
f(ml (1), my (2) I .. Yy (N))* 'OLL 'Os,g'OJJ‘(mlmz... I mN) (dx) 5 (14)

and here we have the integral between a single determinant and a sum of similar
determinants.
In practice, however, we have found it simpler not to make this last step. 1t

would namely force us to make the operations Orr,-Ogs Ogs (mymy ... | ... my)
and this generally implies more work than to make the integration at the stage
f25+1L (ML, MS)*'OJ,] (m1 Mg« v [ [N mN) (dx) 5 (15)

even if 28+1[ (M, Mg) contains more than one term [5].
As an example we choose the matrix element between 1S,, and (3, 3; 0,0):

(0,0,0,0 | U |3 %;0,0)=[18% (3 30, 0) (d2)
= [ [0 ™S (0, 0)1* V2 Opy (3 — 3 | (d2)
= V2[00 8 (0, 0)]* - (3, —3] (da)
= V218 (0, 00% (1 | 1) (dar)

= 1/—2—'& (0]0) = (1 [1) — (1] 1) J*(1 [ 1) (da)

-2
= T
For a discussion of the energy matrices for the almost closed shells, we refer to
ConpoN and SHORTLEY [2], XII:1 and XIII:1,2.
The intermediate coupling case is treated as in CoNDON and SHORTLEY [Z]
XI.3.
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Glossary

Notation Definition ! Eigenvalues

One particle operators and eigenvalues:

T orbital angular momentum ‘ l

Iz z- component of 7 } my

s spin angular momentum | 3

8z z- component of s Mms

7 T+s | 7

jz I. + s Lom o= my 4 ms

Many particle operators and eigenvalues:

T = 1(9) L
L. 1. (9) M,
S X5 (i) S
Se i s (l) Ms
7 i@ =L+8 J
Jz Zijz(@.):Lz‘I‘Sz M

One particle functions:
-2 a2
(nlm;ms) eigenfunctionofl, s, l;ands, .

=2 .2 2

(nljm) eigenfunction of I , s, § and g, .

Many-particle functions:
L8-scheme: Slaterdeterminant (m; (1) m; (2) ... | my (¥) ... my (N)) meaning
det {(nlmy (1) &) ... (nlmy () ) ... (nlmy (N) B} coupled

.2
to zero-order functions 28 +1L (M, Ms) which are eigenfunctions of L , S,
LZ and Sz.

jj-scheme: Slaterdeterminant (m; m, ... | m,m, ¢, ...) meaning

det {(nl, T+ 5 m) (00, 1+ %my) ... (0L, 1—Fom,) (L, 1— 3, my 1) ... |

Projection operator (total angular momentum).

IO = (2J + 1)Ly

; J.ijM—l—i J-_/‘I_—M-H
(J — M)1i=o 2+ +1)!

a2 a2 2
SLJM-scheme: 28 +1[;,; eigenfunctions of L , § , J and Jy.

The electrostatic interaction is diagonal and spin-orbit interaction non-diagonal
in this representation.

-2 -2
jjJ M-scheme: (j; 75 ... jn; J M) eigenfunctions of j;, J and J.

The electrostatic interaction is non-diagonal and spin-orbit interaction diagonal
in this representation.
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Table 2. p

11
ML\MS 1 1 Ly
1 (1| 1) 11
0 O] 10) N
-1 i D P(1,3)=(]
SLIM

2Py g = 2P (1,5) = 0y, 2P (1,3) = (1]

1 =~ —
*Pyy = =[P (0.3) ~ V2P (1, ~ §) = V30,,2P(0.3)

d V*“)

Note that this relation governs the phases of transformations between SLJM-
and jjJ M -schemes,

Table 3. p?
Moo\ Ms 1| 0 1
2 (1)
1 (10| (110) (©]1) | 10)
0 (1| <1|1>0|0><1|1 | 11)
-1 (10} (} 0] |10)
~2 | a
11
121 1 111
181 =14111+1=12D+3P+18
121 1 111
1 1
1D (2,0) = (1 1)
3P (1,1) = (10 |
1 - - _
18 (00) == (010~ | H)— T[] = V3 €w(0]0) .
SLIM
1Dy = 1D (2,0) = 00 2D (2,0) = (1 | 1)
3Pgy = 3P (1,1) = Opy *P (1,0) = (10 |
1 — 1 1 -
Py =[PP (1,0) = 3P (0,0)) = V2 0,1 °P (1,0) =—5~{*5 [(110)_(o|1)]_—(11|}
3P00_71§{P(00) P, — 1) — 3P (— 1,1)) = V'3 0y °P (0,0)
1 — — —
:W{Q[(i]i)—(i[i}—|10)~(01|}

L850 = 18 (0,0) = (g 1S (0,0) —.VL{O|0 @i — 1.
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Electrostatic interaction in LS-coupling
EMS)=F,+10F,
E (D)= F,+ F,
EGPYy=F,—5F, .
Spin-orbit interaction in LS-coupling

ISO 3P0 3P1 3P2 l_D2

717

18, 0 —2V2
3Py | —2V2 -2
1
3P, —1 X ) Cap
3P, 1 183
1D, V2 0
jj-coupling
o\ i, 3.3 3.1 1%
2 (3 7] (31%)
i (31| (-3)(3(9
0 (b3 (-1 G330 bt
- 33 313419
—2 (-3 -3 (-3[-2)

(%13;2,2) = (%=%i = (922(%’%[

(37:2,2)=(313) = O (3]73)

FHL) =S FE] -1 - (1D = 50

(5:3:0,0) = (& -3 - 3 3]} = /2

(5450.0) = |3~ 3) = 0 |1~ 1)
Transformations

1. Uncoupled determinants

lw

I

3 3
27 T2

- (1] 1); (3
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B14) =00l — YZuln; (G -3 = {V( T +2(0]0) - (1|1 +

V3 3
+12]10
G -4 =)2al - Zalo
2. Coupled JM-functions
(33:0, M) (3 3:0 M) (33:2,M) (3 3:2 M)

180 -V2 -1 o L *Pom V2 1 o L
3 Poar 1 —-V2 V3 Donr 1 - V2 V3
8Py =~ (3331, M)

Spin-Orbit Interaction in §j-Coupling

V(3 3) = Cnp

V(33) = — 5 lm

V(332) = — 2Lnp
Electrostatic interaction in jj-coupling

(3:3:0,M) (3 3: 0, M) (3:3:2, M) (3- 352, M)

(3%;0,M) | Fy+5F, 5)2F, (33:2,M) | Fy—3F, —2)2F,
(3:3:0,M) | 5V2 F, F, (3:3:2,M) | —2Y2 F, F,— F,

Intermediate coupling

Dy . 1 ; 3 9

1P'2} ( Ky — 2F2+ZC + ]/QFz ——2‘F25+Wé

3P1:F0—5F2_i<j

3P, 225

1S}F+ R A T [ RS AR

¢

Table 4. p®

Mo\ Ms | 3 3 -3 -3
2 (10]1) (1]0o1)
1 _ (10]0 (1|1 0110y (1|11)
0 (101 | 10 1) (11]0) (01 1) | (1]01) (T]01) (0 [11) | | 401)
—1 (10 0) (11|1 0[10) (T 17)
-2 (10 1) (1 of)
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11 11
22 11 11
13834=114+11+1111=2D+2P 48
22 11 11
11 11
2D (2,1) = (10]1)
2P (1,4) = V%[(io{o) ~ (LT[ 1) = VZ L0, 50, . (10]0)
18(0,3) = (101
SLJM
D, s =D (2.4) = 0, ,*D(2,3) = (10]1)
1 &S
Dy s = =220 (2~ 3) — D (1,3)] = > 0y 5°D (2, ~ 3)
/1 —
= _V_ﬁ{m (1110) + (11]1) + (10]0)}]
1 ( -
*Py 5 =P (1,3) = (92,%213(1&) = V—?i(ioio) —(11]1)]
1
Py, = V—g{ZP 0,2) - V2 2P (1, — 3)} = Vf’f@%,%zP (0,2)
1 (1 = = =
:7?{1/—?[(10;1) —1]1] + ©]10) — (1|11)}
9, o =49(0.3) = Oy 549(0.3) = (101]
Hlectrostatic interaction in LS-coupling
E(2P)=3F,
E(D)=3F,—6F,
E(#8)=3F,—15F, .
Spin-orbit interaction in LS-coupling
Z_P1 4S3 2P3 2_D3 2D5
% 2 o 7 )
P o
2
48% 2 0 1
Py 2 o —)F| | XFtw
2Dg 0 -5 0
2D5
2 0
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80

7j-coupling
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Transformations

1. Uncoupled determinants

| = | .
= 1= =z =
s T = 1<
= e e =5 <
|2 =erien = [

= S~

o =

i I
— —_

e —e
ol e

I |
3_..,4 I_w.

g S

< |
X
S| |e
—] = _ 2V
~i
S’
= | e
—] YT x>
s B
-
=
=) [ [ _,
| e >~
= |
= [
=
< | e = e
[}
m WV | >
e
e W e
O e O ] N e 1
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1_21_2 _ e

n[eN 0| ] e en| ey
e

2. Coupled J M -functions
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Spin-orbit interaction in jj-coupling

Electrostatic interaction in jj-coupling

B(333:3 M) =3F,—6F, E333LM) =3F,

(3% 3% M) 3F,—-5F, —Vi0F, —5F,
(%5%’%:%’M) - VlO FZ 31;'0_111;12 - I/EFZ
(33330 ~8F  -VIOF, 38 5T,

Intermediate coupling

Table 5. p*

81

2Py L3 F, + roots of equation 13 + 21 F, /2 4+ (90 F3 — 5% A — 97?172(2 = (.

The correspondence between configurations p* and p? is used throughout this

table. Only information not directly available in Tab. 3 is given.
1D (2,0)=(10{10)
3P (1,1) = (101 | 1)

18 (0,0) =%{(M| 11) — (01]10) — (L0 [ 01)} =V/3 Ggo (11| 41)

SLIM
1Dy, = (10 10)
2P, = (101 | 1)
Py =5 (1T]10) — L (10[11) — 101|
3P00=7%~ 1110)_—- (10]0T) — (1] 107) ——V%(ioﬂi)
1800:7%{1“11—-0“10 10 [01))

Theoret. chim. Acta (Berl.), Vol. 3 6
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§j-coupling

(3504522 = (B35~ 4)
£834:2.9) = (33— 1[3)
1, -
B350 =BG -3 -9 -G -31D)
2
(b3}
1
331500 = (G~ b~ - -3~
=12 0o (3 — 7|2~ 3)
333300 34 — % — 3]
Correspondences
P P2
(%}%7%:%,:]:]”) (%,%,J:M)
B33 L0M) -G L0m)
(%7%7%;%,:]:]”) (%:%,J;M)

Interactions:
Substitute 6 F, — 10 F, for Fy and —{ for { in Tab. 3.

Table 6. sp
My \ Ms 1 0 ~1
1 (1s] (1]s) (s]1) |13)
0 ©s] ©]s) (s]0) 109)
-1 (s (@] (s]1) |19)
121 111 1
121=411+1=3%P+1P
121 111 1
SP(1,1) = (1]
1
P10 = (L] + (5[ D] = VZ O (1] 9)
SLIM
3Py = 3P(1,1) = 05, *P (1,1) = (1 8 |
1 1
3P11=V—2_{3P(1,0) 8P ( 01}—V2(9113P(10 ——(1|s) (s[i)———ﬁ_(OS[
1Py = 1P (1,0) = 0;; *P (1,0) = {113 (s] 1))
3Poo=ﬁ{3P(00> SP(L—1>~ P (= 1,1)] = V3 Ou *P (0,0)
1 1, 1 =
=5 0]8) = 7= ]0) — 7=[19) - —[73_—(18!
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Electrostatic interaction in LS-coupling
E(P)=F,+ 4
E(3P)=F,— O,

Spin-orbit interaction in LS-coupling

8P, P, 1Py 3P,

3P, | 1
3P 1 -1 V2 1 C
X —_—
1p, vZo0 2 >
3P, -2
gj-coupling (the s-electron is underlined)
i\ i 33 33
2 (312)
: SREXCTE 43
RENCIET KE I NNETS NS
N I o T
-2 (~31-3
1
21
22-1(J=2+2(=1)+1(J=0)
21
1

—~
ol

D= e Nk N
Sl=

(2 2 ) =0Oulz
1
(33:0,0) = ﬁ“%’ =)= =V2 0l —3)
Transformotions
1. Uncoupled determinants
1 2
(314 = (e 5 33 = 08 + 5 (1)

E13) = Y205 - Y6105 -2 =500 - 2119
2. Coupled J M -functions

3P2M=(%’i52=M) 3P0M=(%’iSO>M)
6*

83
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G3LM) (33:1,M)
Pur | -1 —yT .
_ X =
Pim - V2 1 V3
Spin-orbit interaction in jj-coupling

EBlectrostatic interaction in jj-coupling

E(%’i’2’M)=FO_G1 E(%’E’O’M)Z‘FO—GI
G3LM) (33:1M)
1 2y
GBLoM) | Fo+—56 -6
2v2 1
Ghou)| e £ - la
Intermediate coupling
1
3P22:F0_G1+EC
3P, 1 V 2 1 9 .,
1P11}: F0~—4'Ci G1+_’2'CG1+EC
8Py : Fy— Gy — ¢ .
Table 7. sp?
i \ w5 |3 3 -3 -3
2 (ts]1) (1]1s)
1 (10s] |[(10]s) 0s|1) (1s]0)|[(1]s0) (O|s1) (s]10)| |10s)
0 (11 s | (1]s) (1s|1) (1]1s) (1]18) [11 s)
(Ms]1) (0s]0) (s]11) (0]0s)
-1 ©ls| [(10]s) (0s]|1) (1s]0)(A[s0) (0]sT) (s]10) |0OTs)
-2 (s|1) )
11 11
1331 11 1111 11
1441=114+11114+11+11=2D4P 2P} 28
1331 11 1111 11
11 11



Atomic Wave Funections for the Configurations s* p™
2D (2,3)=(1s|1)
tP(1,3)=(10s]| B
2P (1, %):716;{2(10|s)—(os|1)+(1s\0)} = ]/—ZLS@%_%(m[s)
29 (0,%):713:{(08[0)—(18]1)—(—fs\l)}zl//?)_L@oo(Os[O) .
SLIM
D, , =D (2:3) =05 ;D (23) = (1s]1)
P, , =4P(13) =05 4P (1.3) = (10s]
1 1 1
"Dy = = [D(L,3) — 22D D =V50;,°D(L3)
1 2
= i (1510) + (0s[1)] — =(1]s1)
1Py, = TP — VBP0 - )50y, P (L)
— VE{(wols) - (1s]0) + 0s10)] ~ |2 (1Ts)
1 2 1 1
*Py = *P 1,3) = 0;5°P(1,3) = ﬁ{z(w\s) — (0s]1) + (15]0)]
P, = V%{V?‘-‘P(O,%) —P(1L, —4) — VEP(~ L3 = V5 0,,*P(0.3
/1 p— —
=-§{(111s)_(1s|1)—(31|1)} -
1 i —
— 575 (0]81) = (1]30) = (s]01)} — ;- (0]
Py, = P03 = VE (L - 3] = VB 0, 2P (0Y)
= 5 U8 = (Ts]1) + (151D — 5 (11]05) — (0]19) + 2(s/01)
1 1 1 T T
%8,y =28(0,3) = 04,28 (0,3) :VT?)_{(OS}O) — (Ls]1) — (1] 1)}

Hlectrostatic interaction in LS-coupling
E(2D) = Fy+ F,— G, { Fo = Fy (np, np) + 2 F (ns, np),
G

E(AP)=F,—5F,— 20, , = Gy (ns, np)}
E(P)=F,—5F,+ @,
BE(2S)=F,+10F,— G,
Spin-orbit interaction in LS-coupling
D, 4P
2 2
D, | 0 —V2 Ly
2 o X —
ip. | -V 1 2 7"
2
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— OV R 2D + 4612 D)
Babd) -G -HD -G -3 =T oG -1
ELE0Y) = (G5 -D+ (-5 D - (=3ED - 15 G- 5 - )
= 1/6@;_%(%!%, —32)
FEodd) =0 -5 =0,13 -5

Transformations

1. Uncoupled determinants

3
@153 = 200s|+ ) 2asin Gl-1) =) 2uTs -} Tuslo
(313 —3) = ©0]sD); (312:3) = (0s[1)
(%;-—%.i)=—;—{l/§(0_18l~2(08|0)~(81!1)—l/2 (|01}
34D =5 (VZOTs|[+(0s]0) + 26 T[1) ~ V2 (s]0D))

2D . 5)
%’ M 1 V: X —=
4P, Ve 1 e
o M
-
Yy § ¥ Yy § F
e e eafe - e e
-y el el N e e
ofe e s ler e ey
A b @ O
2 1 1 Y10 . Ve 1 2
Diw| —= 7 Poyl -5 —= —%
2 V3 2y6 4 5 3 Vs 3
4 1 22 2 1 2 Ve
Pou| -3 —75 0 |y VE 5
2p Vs Y10 V6 29 _1/2 4
LM 3 12 4 3 U Vs o0 Vs
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Spin-orbit interaction tn §j-coupling

5 1
(%35 M) F0—3F2—§Gl —2F2~§G1
1 4
GBPLiM) | -2h-p6 F-F -6
GBE5EM) GRBIM B LM
1 5 1
3333 M) F, - 3F, g (Br6) YR (Tt g6
1 19 7 15 1
R I e e L e X
15 1 Y15 1 5 1
(3 23:% M VT(“FzJFEGl) & Fe—g0)  Fo-ph -6
EEbM)  GhbbM) GBhhiby
&355M) | Fo+ 58, -6, - V36 ~5V2 R,
311.1 2 2
(22252 M) - V56 Fy~5F, ~ =6
. 2
(3553 M) ~ 52 I, — 50 Fo — Gy
Intermediate coupling
")Dla 9 z 1 9
1P2 1Fy— 2F, — ?G’l vy + ?V(‘J“Fz + 362+ 40 (6 F, + Gy) + ';f(’gz
5

o

For J = 3/2 and 1/2 we refer to the corresponding third order secular deter-
minantal equations,
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Table 8. sp®
ML\MS 2 1 0 -1 -2
2 (s10 1) (s1]01) (10]s1) (1]s10)
1 (s10]0)(s1T]1) | (s1]17) (s0]10) (10]50) (11| 1) [ (1[s11)(0]510)
0 |s101] (810\1) s1T_[0) (8110:1>(39|1I) (sI_|10) (8[101 (11s01) {ls101)
(0111)(107]s)| (101sT) (1T[s0)(01]s1) |[(0]s11)(1]510)
-1 (s0T[0)(s111)[(s1]17) (s0]0T) (01 ]s0) (11]s1) | (1|511)(0] s07)
-2 (s01|1) (s1]01) (01 ]s1) 1]s01)

121 111 1

242 111 1 111 1
14641=111+1+141+ 114111 + 111 =3D - 1D 43P 4 1P +58 438
242 111 1 111 1

121 111 1

2D (2 1)—301[1)

1D (2,0) = {31[01 (10 s 1)} = V2 5y (s 1 |01)

vz

3P (1,1) = —={ (01| 0) — (s 11 | 0)} = /2 L0y, (s 01 | 0)

el
1P(1,0)=%{(80[01)+(01[so)—(s11?1)-(?1[31)}=2L(aus@00 (s 0]01)

58 (0,2) = (s 101 |
33 (0, 1)_%{ (s11]0) + (sOT [1) + (s10| 1) + 3 (101 | s )} = V12 L0n SOy, (s 11]0)
SLJM

3Dgy = 3D (2,1) = 04y 3D (2,1) = (s 0 1 | 1)

3D22 = /—?)— °D (2’0) - ]/% 2D (1:1) = —‘/? (922 2D (270)

I|*‘

D5y = 1D (2,0) = 0p'D (2,0) = ~={(s 1[0 1) — (10 | s 1)

-
o

3P22:3P(11)“@22 P(ii)

< !

2{<s01|0)—(81110)}

385 = 38 (0,2) = 03,38 (0,2) = (s 10 1]

Dy = 5000 000 - Y Eep e -0~ YR 6p o)
_ %[(souop(31|I1)+(h(MH(M'SQ)}_

~ Y lETo ) +26T110) + 501 ]D) ~VEarson
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=

3Py = {3P (1,0) - 3P (071)} = 1/5 0y, %P (1,0)

=
[\

=
=

[(50110)+ (01 [s0)+ (s1[11)+(11]s1)] —%((801\1)— (s10 | 1)}
1P, =1P (1,0) = O, 1P (1,0):%{(80]01)—1—(01{80)—(81[_1 1) — (1] s 1))

88, =38 (0,1) = 0,38 (0,1) = V%{(s_i 110)+ (s 04| 1)+ (s10[1)+3(101]s)
1
V3
1
w3
1
Ve

Py =——=[*P (0,0) — 2P (1, — 1) — 3P (—1, 1) = V3 0y 3P (0,0)

-

[(s1]10)+ (sT]10)+(01]sT)+ (01 ]s1)) —

[(sh|I)—(3I0]0)}~V~%1(0|so 1) — (1]s11)

-

Electrostatic interaction in LS-coupling

E@GD)=F,—6F, — 204, E(D)=F,—6F, [(F,=3F,(ns, np)+
E(P)=F, —26, E(P)=F, + 3 Fy (np, np) |
E(8)=F,—15F,— 30, E@S)=F,—15F,+ G,

Spin-orbit interaction in LS-coupling

3D2 lD2 3P2 582 3D1 3‘P1 1P1 381

D, 0 0 —V3 0 D, | 0 V5 V10 ©
D, 0 0 Y2 0 L - sP,1 Vs 0 0 2 L -
P, | —V3 V2 0 2 2 p, | Yo o o2yz | 2V3

58, 0 0 2 0 39, | 0 2 2/2 0

V (2Dy) = 0 V(2P =0



ji-coupling (the s-electron is underlined)
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Transformations

2

58am

8Pon

Dopr

8Dspt

1. Uncoupled determinants

(s101] (s11]1) (s10]0) (s1[10)

G -3y -rvz 1 —2 )T
3 3l -%2 -2 V2 V2 i oL
G—% &3 1 Ve 153 2 3
Gl 52| -Vz2 -2 ! ~Ve
1 ¢ ,— — —_ —
T e gil/2 (101 [s)— (11|1s)+2(10]0s)+ V2 (1]105)]
/1 — - — —
-3 -9= 5 (2(101|s) — V2 (11 |1s)— V2 (10 [05) — (1] 10 5)}
1 — - —_
-31% 3 =V—3_{(310|1)—[/2(81[11)}
1 e
|3 —33) = ~V—§[V2 (s01] 1)+ (s0|10)}
/1 — p—
—%l~%ai)—V3—{V2 11l —@1]00)}; 33|52 =610]1)
. Coupled JM-functions
3D3M = (%7 %9 %: é; 3; M)
S s § § §
S od N &3 3 < 3 <5
e A e e v e e
el A -l -l la . s e
f')l:\l m['r\\l ey ‘-<|:~1 mi:ﬂ ml:\l ml?v Hl:‘l
21_71 «iol e @ rle wld m\l:»x/ m\]"«l
22/ 5 12 59 2B 2
3 15 15 3 e S Y
I3 2| | B B
2 0 0 2 w3 0 3 3
1 Y15 4y10 1 s V6 V6 V6
T "5 15 3 Por| & 0 5§
_ V& yi0 215 _ V6 spg | YO 2, _Vio
6 5 15 6 6 3 6

3 3 1 1.
3P0M=("jsfa'§';z,07M)
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Spin-orbit interaction in §j-coupling
V@22 =3w VESZH=0 VEEDY=-3lw
The electrostatic interaction matrices in jj-coupling are omitted but they can
be found from the LS-scheme with proper transformations.

For the case of intermediate coupling we refer to the corresponding secular
determinantal equations.

Table 9. sp*

The correspondence between configurations sp* and sp?is used throughout this
table. Only information not directly available in Tab. 7 is given.

2D (2,3) = (10 ¢ | 10)
4P(1,3) = (101 1)

2P(1,4) = %{2 (101 18) + (10 5 [11) — (1T 5 | 10)} = gsaﬁwu (101 | 1)
28 (0, 1) =%{(1Is | 11) — (015 | 10) — (105 | 01)} = /3 204, (115 | 11)
SLIM

D, ¢ = (105 10)

Py, = (101 s | 1)

2D%%=%{—1;[(1I8]10)+(108 _)]-—2(1()]108)}

ep %f%“/“[_ (101 [ 15) — 1Is|10)+(108|1I)]—V§(101.s[0)}
2P%%_—V1—€{2(101|1é (105 | 11) — (115 | 10))

Py, = %{V2[~101|03) (015 | 10) + (10 5 | 01)] —

— [(10 [ 11's) — (11| 10 ) + (15 | 101)] — 3 (101 s | 1)}

"Pyy= 552 (101]05) + (105 | 01) — (01 s | 10} —
5 ((T]105) — (10 | 1T ) + 2 (1 5 [ 100))
2,5'%%:]/%{(1Is]11_)—(0?8]10)—-(103[0_1_)}

jj-coupling (the s-electron is underlined)
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3,3,4,1,1:3.3) _ 1 5, 1L - L1203 -
(2’2’2’2’2._:2’2 - V‘5"{(2’ 212 272 27212 2’ 2

1 —

B33 L3 =5 4B b -3 - 2D - VTG - 315D -
_ (3L _ 131 1

(2’2’ 2]2’ ;)}

1 —
B335 53 = (G5 33D -3 G4~ -3)
R I [ 1EE - R CEEAE A 1)
B3350bY) - GP -3 DGR -3 -13 -

~B b HEY -V Gk b D)
3333 1.1 1 _ (31 1 311
(2>2’2=z’2’272) —(2’2’ 2> 2|;>

Interactions:

Substitute 6 Fy(np, np) + 4 Fo(ns, np) — 10 Fy(np, np) — Gy(ns, np) for F,
and —¢ for {in Tab. 7.

Table 10. sp®

The correspondence between configurations sp® and sp is used throughout this
table. Only information not directly available in Tab. 6 is given.

8P (1,1) = (10 15 | 10)

1P (1,0) = Vzli()l[i()s F(105]101)) = V2 50y (10110 s)
SLIM
3Py, = (10 1 s | 10)
1 = 1
3P11——2{101]108 (105§101)]——V2~_1013]11)
1Py, = %{(101]103)—(1031105}
3Py, == 716;{(101\1Is)—(1Is|101)}—%(1015|01)—V%(10|1oIs)

jj-coupling (the s-electron is underlined)

3 3 3 3 1 111 11
(7:?;7:2;5;2,2)=(77 :*‘Elfy-f:i)

3 3 3 1 311 o 1 1
33330 )= G -3 -3 -1V3G0 -2l — b —2)
303331 1.4 () (34 _1 _ 3|11
(2=2=z’2’2?;’a)—(z72’_2’_2!2’;>
333311.090) = (3,1 _1 _3/1 L
(2>2’2’2’2’;::)—Vz—i(z’z’“2=—2!z";)_

301, L1 _3|_ 11

'—(272"‘2’—'2 —27;)

Interactions

Substitute 10 Fy(np, np) + 5 Fo(ns, np) — 24 Fy(np, np) — 2 Gy(ns, np) for F,
and — for £ in Tab. 6.
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